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Abstract.Although there are many ranking methods for type-1 fuzzy numbers, most of which exist some limitations. In this
paper, we propose a new concept to rank type-1 fuzzy numbers, which defines the formats of possibility mean and variation
coefficient. It not only clearly discriminates the ranking of the type-1 fuzzy numbers especially for the reasonable ranking of
symmetric type-1 fuzzy numbers, but also satisfies the logicality of the ranking with their images’. Some properties of the
proposed ranking methods are discussed. Then, we extend the concept to interval type-2 fuzzy numbers environment, and
present a new ranking method with possibility mean and variation coefficient forms. Some properties are also discussed. For
ranking the type-1 fuzzy numbers and interval type-2 fuzzy numbers, the proposed ranking methods are easy to understand
and their computations are simple. Several examples are proposed to illustrate the ranking of type-1 fuzzy numbers and
interval type-2 fuzzy numbers, and the results show that it enriches the existing fuzzy ranking methods.
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1. Introduction

The fuzzy set theory introduced by Zadeh [35]
has achieved a great success in various fields. Later,
Zadeh [36] introduced the ordinary fuzzy set named
type-1 fuzzy set (T1 FSs) and the type-2 fuzzy sets
(T2 FSs). Because of the high computational com-
plexity in using T2 FSs, Mendel [20] further defined
the notion of interval type-2 fuzzy sets (IT2 FSs),
which is a typical form of T2 FSs. T1 FSs and IT2
FSs have been found useful to deal with vagueness
and uncertainty in decision problems [18, 19, 23, 25].
However, ranking fuzzy numbers is one of the most
important step for decision making under uncertainty
environment [9, 17, 21, 31].
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For type-1 fuzzy numbers, we divide the existing
ranking methods into four categories. (1) The first
category is centroid methods. Yagger [33] firstly pro-
posed the centroid index point to order type-1 fuzzy
numbers. Lee and Li [16] proposed the mean and
standard deviation values to distinguish type-1 fuzzy
numbers, but the comparison criteria is not clear.
Cheng [10] tried to improve Yager’s [33] and Lee
and Li’s [16] approaches, but the ranking result is
inconsistent with peoples’ intuition. Chu and Tsao
[11] defined the area to order type-1 fuzzy numbers.
Wang and Lee [29] used the importance degrees to
revise the Chu and Tsao’s method [11], but the rank-
ing result is inconsistent with peoples’ intuition. Ali
Duzce [13] presented a new method for ranking type-
1 trapezial fuzzy numbers using nine-point center.
(2) The second category is maximizing and minimiz-
ing set methods. Chen [5] introduced the maximizing
and minimizing sets, but the ranking order would
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be changed when inserting or deleting type-1 fuzzy
numbers. Deng [12] presented an ideal solution to
rank type-1 fuzzy numbers. (3) The third category
is L-R deviation degree methods. Wang et al. [30]
defined the L-R deviation degree. Asady [2] used
the transfer coefficient to revise Wang et al.’s [30]
method, but the ranking of their images’ is not logical.
Nejad and Mashinchi [22] redefined the L-R devia-
tion degree, but the ranking of their images’ is not
logical either. Yu et al. [34] introduced epsilon devia-
tion degree to rank symmetric type-1 fuzzy numbers,
but the computation is too complexity. (4) The last
category is distance methods. Asady and Zendehnam
[4] introduced the minimization distance, but it could
not discriminate the symmetric type-1 fuzzy num-
bers with different spans in the bottom. Abbasbandy
and Hajjari [1] proposed the magnitude method to
revise Asady and Zendehnam’s [4] method, but it
still could not solve the problem. Ezzati et al. [14]
revised the magnitude method, but the ranking of
type-1 fuzzy numbers’ images’ is not logical. Sanei-
fard and Allahviranloo [24] used regular weighted
function to rank type-1 fuzzy numbers, but the rank-
ing of their images’ is still not logical. Janizade-Haji
et al. [15] developed a distance method using «— cut
for ranking generalized type-1 fuzzy numbers. Chen
et al. [8] proposed a method for standardized gener-
alized type-1 fuzzy numbers with different left height
and right heights.

Compared with the ranking methods for type-1
fuzzy numbers, the methods for interval type-2 fuzzy
numbers are far less. Mitchell [21] used the weighted
standard deviation to measure the uncertainties of
interval type-2 fuzzy numbers. Lee and Chen [7, 17]
employed the mean value and deviation of the ver-
tex points to order interval type-2 fuzzy numbers.
Wu and Mendel [32] introduced the centroid method,
and discussed some properties of it. Qin and Liu [23]
proposed combined ranking method to order interval
type-2 fuzzy numbers. Singh [25] presented a new
family of utmost distance measures to rank type-2
fuzzy numbers.

From the analysis above, it is concluded that the
current type-1 fuzzy ranking methods exist the fol-
lowing problems. Firstly, the ranking is not consistent
with people’s intuition [10, 29]. Secondly, the rank-
ing of the fuzzy numbers’ images’ is not logical
[11, 14, 22]. Thirdly, the symmetric fuzzy num-
bers having different spans in the bottom could not
be discriminated [1, 4]. To solve these problems,
the paper proposes the new concepts to rank type-1
fuzzy numbers, that is the combination of possibil-

ity mean and variation coefficient, which avoids the
problems that most existing ranking methods have.
Meanwhile, the proposed ranking method also satis-
fies the general ranking principles of the type-1 fuzzy
numbers. Moreover, some properties are proposed
and discussed. Then, the new concept is extended
to rank interval type-2 fuzzy numbers, which is not
the simple superposition of the lower membership
function result and the upper membership function
result. They are not only discriminate the interval
type-2 fuzzy numbers especially for the symmetric
interval type-2 fuzzy numbers with different spreads
in the bottom, but also the ranking of their images’.
Some properties of the proposed ranking method for
interval type-2 fuzzy numbers are also discussed.

This paper is organized as follows: Section 2 intro-
duces the concepts of type-1 fuzzy numbers, interval
type-2 fuzzy numbers and the related distance based
ranking methods for type-1 fuzzy numbers. Section 3
introduces the main problems of the existing ranking
methods for type- 1 fuzzy numbers, and then proposes
anew ranking method. Some properties are discussed
as well. Section 4 proposes a ranking method for
interval type-2 fuzzy numbers, and the properties are
also discussed. Section 5 illustrates some examples to
order type-1 fuzzy numbers and interval type-2 fuzzy
numbers, and compares the results with those of some
existing ranking methods. Section 6 summarizes the
main results and draws conclusions.

2. Preliminaries

In this section, we introduce the concepts of type-
1 fuzzy numbers, interval type-2 fuzzy numbers and
the related distance based ranking methods for type-1
fuzzy numbers.

2.1. The concepts of type-1 fuzzy numbers and
interval type-2 fuzzy numbers

Definition 1. [28] A type-1 fuzzy number A is a pair
(A, A) of functions A(r), A(r), which satisfies the
following conditions:

(1) A(r)is a bounded increasing continuous func-
tion,

(2) A(r)is abounded decreasing continuous func-
tion,

(3) A < A(r),0<r=<1.

The type-1 fuzzy number is a trapezoidal fuzzy
number A = (xg, Yo, @, B) with two defuzzifiers
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X0, Yo, the left fuzziness « and the right fuzziness
B, with which the membership function is defined as
follows.

A(r)=yo+ B — Br.

For the support set of A(S(A)) is defined as:

A(r) =x9 — o+ ar,

S(A) = {r|A(r) > 0} = [A(r), A(")].
Definition 2. [20] An interval type-2 fuzzy number
A is an objective, which has the parametric form as

follows.
A =/ U 1/(x,u)] /x, (1
xeX ueldy

where x is the primary variable, J, € [0, 1] is the
primary membership of x, u is the secondary vari-
able, and f wel, 1/(x, u) is the secondary membership
function at x. . .

The uncertainty footprint of A(FOU(A))is defined

as follows.
U 7o
xeX

= {(x,y):y e Jy = [AY (), AL},

FOU(A) =

where FOU is shown as the shaded region. It is
bounded by an upper membership function (UMF)
AY(x) and a lower membership function (LMF)
AL(x), both of which are type-1 fuzzy numbers. An
example of interval type-2 fuzzy number is shown in
Fig. 1.

Wu and Mendel [32] discussed the properties of the
ordering methods for interval type-2 fuzzy numbers,
which are denoted as follows.

Property 1. For an arbitrary finite subset I of set E.

b+p, X

Fig. 1. The sample of interval type-2 fuzzy number.

(1) If A > Band B > A, then A ~ B

(2) IfA> Band B > C,then A = C.

3 IfANB=¢and A sontherlghtofB then
A= B

(4) The order of A and B is not affected by other
interval type-2 fuzzy numbers under compari-

Where > means “larger than or equal to” in the sense
of ranking, ~ means “the same rank”, N means the
overlap of the two fuzzy numbers.

It is denoted that the properties are also applied to
type-1 fuzzy numbers [26, 27], but not all the existing
ranking methods satisfy the above properties at the
same time.

2.2. The related distance based ranking methods
for type-1 fuzzy numbers

Definition 3. [4] For a trapezoidal fuzzy number A=

(X0, Y0, @, B) with parametric form A = (A(r), A(r)),
the magnitude of which is defined as:

1 1 _
Mag(A) = 5 ( /0 (AG) + A(r))dr) )

where A(r) =xo —a+ar, A(r)=yo+ B — pr.

Definition 4. [3] For a trapezoidal fuzzy number
A = (x0, yo, o, B),r) With parametric form A =

(A (r), A.(r)), the magnitude of which is redefined
as:

1
Mag(A). = %/0 (A€(I’) —i—Ze(r)) dr,

(o +30) + (B- ) + 727 (L+€T7)

/3 +R
R (R+€ R )
2

where L, R >0, Ac = (A.(r), Ac(r)) is the best
approximate epsilon-neighborhood of fuzzy num-
ber A.

For two type-1 fuzzy numbers A and B, the ranking
criteria based on the Asady’s method [3] is defined
as follows.

+ 3

(1) If Mag(A) > Mag(B), then A > B;
(2) If Mag(A) < Mag(B), then A < B;
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(3) If Mag(A) = Mag(B) then
(a) if Mag(AE) > Mag(B.), then A > B;
(b) if Mag(Ae) < Mag(B.), then A < B;
(c) else A ~ B.

It is denoted that > means “larger than” in the sense
of ranking, < means “smaller than” in the sense of
ranking, ~ means “the same rank”.

3. The new ranking methods for type-1 fuzzy
numbers

3.1. The main problems of existing ranking
methods for type-1 fuzzy numbers

We give several examples to illustrate the main
problems of the existing ranking methods for type-
1 fuzzy numbers. Here, we just list several ranking
methods to present the problems, more ranking meth-
ods will be shown in comparison with the proposed
ranking method.

Problem 1. The ranking is not consistent with peo-
ples’ intuition, which is shown in Example 1.

Example 1. Consider the following sets of type-1
fuzzy numbers, which are shown in Fig. 2.

Setl: A=(1,13,1), B=(%,2,1) and C=
(0, 1, 6, 0) in Ref. [3].

Set2: A=(3,1,5), B=@3,7,1,1) and C =
(3, 1,7) in Ref. [22].

In Set 1, which is shown in Fig. 2(a), the ranklng
order for Wang and Lee’s method [29] is C> B> A,
which is not consistent with our intuition.

In Set 2, which is shown in Fig. 2(b), the ranking
order for Wang et al.’s method [30] is worthless. As
the transfer coefficient Az = Az = 0, which leads to
the left deviation degree diLg and dé are worthless.

Problem 2. The ranking of the type-1 fuzzy numbers’
images’ are not logical, which is shown in Example 2.

Example 2. Consider the following sets of type-1
fuzzy numbers, which are shown in Fig. 3.

Set3: A=(1,0,14), B=(4,6,6) and C =
(2,6,2,2) in Ref. [14].

1 1 i
N
08 08 | < T
A - N A
06 06 | AN o
= 7 = ] N
04 04 N b
N
021 0.2 -/ A T
N
N
T T T T T T T T T T T T T T
-12-11-10-9 -8 =7 =6 =5 =4 =3 -2 -1 0 1 2 2 3 4 5 6 7 8 9 10
x T
(a) Set 1 (b) Set2
Fig. 2. The type-1 fuzzy numbers of Example 1.
1 | N S N S Y [ N N I N N [ I S — 1 | Il Il Il
| BN
[ L / ~
L | —_— - L - 4
08 S A 038 / N =
- ' N —3B roo N ;
| ; N 0
06 N . 06/ N .
= 3 N =3 L / AN
| N N
041 ~ b 04F / N b
L | AN L/ AN
N N
02 ' S A 02/ N A
| N / N
~ N
T I rTTr T T T T T T T T T T
-2-1012 3 45678 9101112131415 1 2 3 4 5 6
x T
(a) Set3 (b) Set4

Fig. 3. The type-1 fuzzy numbers of Example 2.
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1,4), B=(2.75,0.25,0.25) and

Set4: A = (2,
(3,1, 1) in Ref. [34].

(@Y D>l

In Set 3, the ranking order for Ezzati et al.’s method
[14]is A > C > B, but the ranking of their images’
is —C > —B > —A, which is not logical.

In Set 4, the ranking order for Nejad and Mash-
inchi’s method [22] is C > B> A, but the ranking
of their images’ is —B > —A > —C, which is not
logical either.

Problem 3. The ranking of the symmetric type-1
fuzzy numbers having different spreads in the bot-
tom can not be discriminated, which is shown in
Example 3.

Example 3. Consider the two type-1 fuzzy num-
bers A = (0.5,0.3,0.3), B=(0.5,0.1,0.1), which
are shown in Fig. 4.

The ranking for Abbasbandy and Hajjari’s method
[1] and Asady’s method [3] is A ~ B, which is not
logical, as they actually present different fuzzy infor-
mation.

3.2. The proposed ranking method for type-1
fuzzy numbers

To overcome the ranking problems shown above,
we introduce a new concept to rank type-1 fuzzy
numbers, that is the combination of possibility mean
and variation coefficient. For the proposed ranking
method, the variation coefficient is a new format, but
the possibility mean is originated from Ref. [1], which
are defined as follows.

Definition 5. [1] For any type-1 fuzzy number A =
(x0, Yo, @, B) with parametric form A = (A(r), A(r)),
the possibility mean of which is defined as:

Fig. 4. The type-1 fuzzy numbers of Example 3.

1
M(A) = % /0 (A + A@) + x0 + yo) f(r)dr,
“)

where f(r) is an increasing function satisfying
i
fO) =0, f(1)=1, [§ f(rdr = 3,

Ary=xo—a+ar, Ar)=yo+B—pr. (5

Definition 6. For any type-1 fuzzy number A =
(x0, Yo, o, B), the variation coefficient of which is
defined as:

V(;\) . -
Gy M@0
vey=4 " ©)
M, if M(A) =

where € is an extremely small value to present the
approximate M (A), V(A) s the deviation value of the
type-1 fuzzy number, and the expression of which is
defined as:

.1 o 2
wm=14(mn+m—mw—m)ﬂmm
™

where f(r) is an increasing function satisfying
f0)=0, f(1)=1and fol f(rydr = %

It is denoted that € can be seen as a extremely
small positive or negative number. For example, if
the possibility mean value of type-1 fuzzy number
A is approximated to zero from the positive direc-
tion and the corresponding approximating value is €,
then the image’s ranking of A (—A) must be approx-
imated to zero from the negative direction, and the
corresponding approximating value is —e.

Next, we introduce the new ordering rules for the
proposed ranking method. For any two type-1 fuzzy
numbers A and B, the comparison criteria is carried
out as below.

Definition 7. Let A and B be two type-1 fuzzy num-
bers,

(1) If M(A) > M(B), then A > B;

(2) If M(A) < M(B), then A < B;

(3) If M(A) = M(B), then
(a) if VC(A) > VC(B), then A > B;
(b) if VC(A) < VC(B), then A < B;
(c) else A ~ B.

Itis denoted that > means “larger than” in the sense
of ranking, < means “smaller than” in the sense of
ranking, ~ means “the same rank”.



2162 X. Sang and X. Liu / Possibility mean and variation coefficient based ranking methods

Regarding the proposed ranking method for type-1
fuzzy numbers, the possibility mean value represents
information from the membership degree, variation
coefficient reflects the change rate of span length from
the right side to the left side. The combination of both
not only compares the information of type-1 fuzzy
numbers, but also discriminates them from having the
same possibility mean value but with different varia-
tion rates. Hence, we use the combination of both to
rank the type-1 fuzzy numbers. We firstly rank A and
B based on their possibility mean values if the two
values are different. Otherwise, we further compare
the variation coefficient to identify their rankings.

In the following, we study some properties of the
proposed ranking method for type-1 fuzzy numbers.

Theorem 1. For the type-1 fuzzy numbers A, B and C,

(1) fA> Band B > A, then A ~ B.

(2) fA> Band B> C,then A > C.

(3) If AN B = and A is on the right of B, then
A> B

(4) The order of A and B is not affected by other
type-1 fuzzy numbers under comparison.

(5) fA>B,then A+C > B+ C.

Where > means “larger than or equal to” in the sense
of ranking, ~ means “the same rank”, N means the
overlap of the two fuzzy numbers.

Proof. The proof of Theorem 1 (1)-(4) are easy, we
here give the proof process of Theorem 1 (5) in detail.
) Suppos~e A = (x4, Ya> %, Ba)s B = (xp, Vb
ap, Bp) and C = (xc, ye, e, Be)-

As we use the combination of possibility mean and
variation coefficient to rank type-1 fuzzy numbers,
the comparison criteria can also be divided into two
cases.

Case 1: A > Bif and only if M(A) = M(B).

From Equation (4), the difference of possibility
mean values for A + C and B + C can be written
as:

M(A+C)— M(B+C)

1
= %/O (A" + A() + x4+ Ya

—B(r) — B(r) — xp, — yp) f(r)dr. ~ (8)

Because of M(A) > M(B), from Equation (4), it
is right that M(A + C) — M(B + C) > 0. That is

A+C>B+C.

Case 2: A > B if and only if M(A) = M(B) and
VC(A) = VC(B).

Because of M(A) = M(B), it is right that M(A +
C)=MB+0C).

From Equation (7), it is obvious that

V(A+C)—V(B+C)

4
— B(r) —xp + 2(C(r) + ye — C(r) — x¢))
(A() + ya — A(r) — xqa — (B(r) + yp —

B(r) — xp)) f(r)dr. )

1
= l/ (AC) + ya — A(r) = xq + B(r) + yb
0

As M(A)= M(B) and VC(A) = VC(B), from
Equation (6), it is concluded that V(A) > V(B).

That is A(r)+ ya — A(r) — xqo + B(r) + yp —
B(r) —xp = 0.

In Equation (9), as (A(r)+ y, — A(r) — x4 +
B(r) + y» — B(r) — xp + 2(C(r) + yc — C(r) — xc))
> 0.

Combined with the conclusions above, it is right
that V(A + C) — V(B + C) > 0. That is

A+C>=B+C.

The proof of Theorem 1(5) is completed.

The proof of Theorem 1 is completed. ]

Besides, there are some other properties that the
proposed ranking method has, such as multiplication
and the logicality of the ranking with their images’.

Theorem 2. For the type-1 fuzzy numbers A, if A is a
real number, then M(AA) = AM(A) and VC(LA) =
AVC(A).

Proof. In Ref. [6], it is concluded that LA =
(Axg, Aya, Aoy, ABgy). Combined with Equation (4),
it can easily be seen that

. YR _
MO\A) = 3 /O (A(r) + A(r) + x0 + yo) f(r)dr,
= AM(A).

From Equation (7), it is also right that

2

1
V(AA) = T /O (A(r) + yo — A(r) — x0)° F(r)dr,

= A2V(A).
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Such that from Equation (6), it is concluded that

. V(LA) .
VC(LA) = — = AVC(A).
M(OA)
The proof of Theorem 2 is completed. g

Theorem 3. For the type-1 fuzzy numbers A, B and

C,if A= B> C, then —C = —B > —A, where >
means “larger than or equal to” in the sense of rank-
ing.

Proof. Suppose A = (X4, Ya, Oa, Ba), B =
op, Bp) and C = (x¢, Yc, oc, Be).

As we use the combination of the possibility mean
and variation coefficient to rank type-1 fuzzy num-
bers, there are four cases of the comparison criteria
to rank the type-1 fuzzy numbers A, B and C.

(Xb, Ybs

Casel: A - B
M(0).

From the results of Theorem 2, it is con-
cluded that M(—A) = —M(A), M(—B) = —M(B)
and M(—C)= —M(C). Coupled with M(A) >
M(B) = M(C), it is also right that —M(C) >
—M(B) = —M(A).

Thatis —C = —B > —A.

C if and only if M(A) > M(B) >

Case 2: A > B > C if and only if M(A) =
M(C) and VC(A) = VC(B).
From the results of Theorem 2, it is con-

M(B) =

cluded that M(—A) = —M(A), M(—B) = —M(B),
M(—C)=—-M(C), VC(-A)=—-VC(A) and
VC(—B) = —VC(B).

As M(B) = M(C), it is clear that —C = —B.

Coupled with VC(A) > VC(B), it is also right that
—VC(B) > — VC(A) and —B > —A.

Thatis —C > —B > —A.

Case 3: A > B > Cif and only if M(A) = M(B) =
M(C) and VC(B) > VC(C). The proof principle is
similar to that of Theorem 2 Case 2, we omit it
here.

Case4: A > B > Cif and only if M(A) = M(B) =
M(C) and VC(A) = VC(B) = VC(C).

From the results of Theorem 2, it is obvi-
ous that VC(—A) = —VC(A), VC(—B) = —VC(B),
VC(—C) = —VC(C). As M(A)= M(B) = M(C)
and VC(A) > VC(B) = VC(C), it is right that
—VC(C) = —VC(B) = —VC(A).

Thatis —C > —B > —A.

The proof of Theorem 3 is completed. g

4. The ranking method for interval type-2
fuzzy numbers

In this section, we extend the concepts of possi-
bility mean and variation coefficient to rank interval
type-2 fuzzy numbers, which is not the simple super-
position of the mean value for lower membership
function and upper membership function. Detailed
definitions and expressions can be found in this sec-
tion.

Definition 8. For an arbitrary interval type-2 fuzzy
number A = [(a, b, a1, B1; Hi(AY)), (c. d, a2, B
H>(AL))], the possibility mean of which is defined
as:

= M(AY) + M(AL
M(A) = ( );L ( )’ (10)

where the possibility mean values of the lower mem-
bership function and upper membership function are
written as:

B 1 [HiIAY) v
M(AY) = ~ / AY(r) + A" (r)
2 Jo
+a + b) f(r)dr, (11)
y 1 [HaAAD) 1
MLy = 1 / AL + A)
2 Jo
+c+d) f(rydr, (12)

f(r) is an increasing function satisfying f(0) =0,

f)=1land [} f(r)dr=1.

Definition 9. For an arbitrary interval type-2 fuzzy
number A = [(a, b, a1, B1; Hi(AY)), (¢, d, a2, Bo;
Hy(AL))], the variation coefficient of which is
defined as:

YD i mid) o,
VC(A) = M(f‘) (13)
M, it M(A) =

It is denoted that € is an extremely small value to
present the approximate M(A), V(A) is the variation
value. The expression of variation V(A) is defined as:

V(A) = \/ V(AV)V(AL), (14)
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and
Hi(AY)
VAV =1 / U@ b
4 Jo
—AY(r) — @) f(r)dr, (15)
. 1 [HaAD
V(ALY = 7/ A" +d
4 Jo

—AL(r) = 2 f(rdr, (16)

where f(r) is an increasing function satisfying
f© =0, f(1)=1and [} f(r)dr=1

It is denoted that € can be denoted as a extremely
small positive or negative number, for example, if
the possibility mean value of interval type-2 fuzzy
number A is approximated to zero from the posi-
tive direction and the corresponding approximating
is €, then the image of A (—A) must be approxi-
mated to zero from the negative direction, and the
corresponding approximating ought to be —e.

Next, we will introduce the new ordering rules
for the proposed ranking method. For any two inter-
val type-2 fuzzy numbers A and B, the comparison
criteria is carried out as follows.

Definition 10. Let A and B be two interval type-2
fuzzy numbers.

(1) If M(A) > M(B), then A > B;

(2) If M(A) < M(B), then A < B;

(3) If M(A) = M(B), then )
(a) if VC(A) > VC(B), then A > B;
(b) if VC(A) < VC(B), then A < B
(c) else A ~ ~ B.

Itis denoted that > means “larger than” in the sense
of ranking, < means “smaller than” in the sense of
ranking, ~ means “the same rank”.

Regarding the proposed ranking method for inter-
val type-2 fuzzy numbers, the possibility mean
represents the information from the lower member-
ship degree to upper membership degree, variation
coefficient reflects the change rate of span length from
the right side to the left side. The combination of
which not only compares the information of the inter-
val type-2 fuzzy numbers, but also discriminates the
interval type-2 fuzzy numbers from having the same
possibility mean but with different variation rates.
Hence, we will use the combination of both to rank
the interval type-2 fuzzy numbers. We firstly rank A

and B based on their possibility mean values M (A)

and M (1:9) if the two values are different. Otherwis~e,
we further compare the variation coefficients VC (A)

and VC(B) to identify their orders.

In the following, we study some properties of the
proposed ranking method for interval type-2 fuzzy
numbers.

Theorem 4. For the interval type-2 fuzzy numbers Z
B and C, there are some properties as follows.

€))] Iffi\if?andi?ig,theng'vlfi’

2) IfA> Band B> C,then A = C.

(3) If AN B = ¢ and A is on the right of B, then
A> B

(4) The order of A and B is not affected by other
interval type-2 fuzzy numbers under compari-
son.

Where > means “larger than or equal to” in the sense
of ranking, ~ means “the same rank”, N means the
overlap of two fuzzy numbers.

Proof. The proof of Theorem 4 (1)-(4) are easy, we
omit here. O

Remark 1. In view of the computing complexity of
the existing ranking methods for interval type-2 fuzzy
numbers, the proposed ranking method just satisfies
the conclusions of Property 1 (1)-(4).

Besides, there are some other properties that the
proposed ranking method have, such as multiplica-
tion and the ranking with their images’.

Theorem S. For the interval type-2 fuzzy numbers
lf)» is a real number then M(AA) = AM(A) and
VC(LA) = AVC(A)

Proof. Suppose interval type-2 fuzzy number A =
[a, b, a, Bis Hi(x1), (¢, d, a2, Bo; Ha(x2))].

In Ref. [7], it is concluded that AA = [(Aa,
Ab, hay, ABi; Hi(xy)), (Ac, Ad, haz, AB2; Ha(x2))].
Coupled with Equations (12) and (13), it is obvious
that

- AU AL
M(kA): MAAY)+ M(LA )’

2
_ AM(AY) + AM(AL)
= > .
= AM(A) (17)

From Equations (16) and (17), it is also right that
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V(LA) = \/ﬂV(AU)AZV(AL).

= A2y/ V(AV)V(AL). (18)

Once again, substitute Equations (17) and (18) into
Equation (13), it is clear that

= VOA)  A2V(A
VeG4 = ( :) _ (:)
MOA)  AM(A)
— AVC(A).
The proof of Theorem 5 is completed. (]

Theorem 6. For the interval type-2 fuzzy numbers Z,
BandC 1fA>B>C then —C = —B > —A.

Proof. The proof principle is similar to that of Theo-
rem 3, we omit it here. O

5. Examples
5.1. The ranking for type-1 fuzzy numbers

To present the meaning of the proposed ranking
method with possibility mean and variation coeffi-

cient, it is used to solve the three kinds of problems in
Section 3.1. An additional example is listed to present
the property of Theorem 1 (5).

Example 1. Consider the three type-1 fuzzy numbers
A, B and C of Set 1 shown in Fig. 2(a), using the
proposed ranking method, the ranking of the three
type- lfuzzy numbers and theirimagesis B > C > A
and —A > —C > —B, respectively.

Using the same method, the three type-1 fuzzy
numbers A, B and C of Set 2 shown in Fig. 2(b)
and their i images isrankedas B> C > Aand —A >
—C > —B, respectively.

Table 1 lists the ranking results with some existing
ranking methods and the proposed ranking method, it
can easily be seen that the proposed ranking method is
able to overcome the condition that the ranking is not
consistent with peoples’ intuition and the limitation
of Wang et al.’s method [30].

Example 2. Consider the three type-1 fuzzy num-
bers A, B and C of Set 3 shown in Fig. 3(a), using
the proposed method, the ranking of the three type- 1
fuzzy numbers and their images is C > B > A and
—A > —B > —C, respectively.

Using the same method, the three type-1 fuzzy
numbers A, B and C of Set 4 shown in Fig. 3(b)

The comparative results of Example 1

Authors Set A B C Ranking
Wang and Lee (2008) [29] 1 -3 —0.25 —1.375 B~C>A
2 433 (5,0.5) (5,0.96) C>B>A4
Wang et al. (2009) [30] 1 0 0.05 8.4 C>B>A
2 0 0.44 0.44 C~B>A
Asady (2010) [2] 1 2.22 4.44 3.14 B~C> A
2 0.31 0.55 0.42 B~C>A
Asady (2011) [3] 1 -2 -0.17 —-1.33 B~C>A
2 4 5 4.5 B~Cs> A
The proposed method 1 (0, —4.08/¢) (0, —0.19/¢) (0, =2.25/¢) B>~C>A
2 3.33 5 3.5 B-C> A
Table 2
The comparative results of Example 2
Authors Set A B C Ranking —A —B -C Ranking
Asady (2010) [2] 3 12 0 0 A>=B~C 0 22 475 —B>-C>—-A
4 0.47 0 0.57 C>A>B 0 1.44 1.2 —B>-C>-A
Nejad and Mashinchi 3 0.18 0.22 0.28 C>~B>A4A 1.41 1.65 1.28 -B>-A>-C
(2011) [22] 4 2 0 1.5 A-C>B 0 3.13 0 —-B>-A~-C
Ezzati et al. (2012) 3 217 4460 4440 B>C>=A 217 —44+460 —4+40 —A>—-B>-C
[14) 4 2.25 2.75 3 C>B>A 225 —2.75 -3 —A>-B>-C
viSaneifard and Allah- 3 1.17 1.22 1.24 C>~Bs> A4 0.71 0.73 0.72 —-B>-C>-A
ranloo(2012)[24] 4 0.71 0.6 0.65 A-C>B 0.53 0.49 0.45 —A>-B>-C
The proposed method 3 2.17 4 3.33 B>~C>A 217 —4 —3.33 —A>-C>-B
4 2.25 2.75 3 C>~Bs=A 225 —2.75 -3 —A>-B>-C
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and their images is ranked as C > B > A and —A >
—B > —C, respectively.

Table 2 lists the ranking results with some exist-
ing methods and the proposed method. From the
comparative ranking results, it is clear that the pro-
posed method is able to overcome the defect that their
images’ ranking is not logical.

Example 3. Consider the two type-1 fuzzy num-
bers A and B shown in Figure 4, using the proposed
method, the ranking of the two type-1 fuzzy numbers
and their images is A > B and —B > —A, respec-
tively.

X. Sang and X. Liu / Possibility mean and variation coefficient based ranking methods

Table 3 lists the ranking results with the pro-
posed method. From the comparative ranking
results, it is obvious that the proposed method
is able to overcome the defeat that the ranking
of the symmetric type-1 fuzzy numbers is not
logical.

Example 4 demonstrates the property of Theo-
rem 1 (5).

Example 4. Consider the two type-1 fuzzy numbers
A and B, C and C’ are two arbitrary type-1 fuzzy
numbers showninFig.5.Let A’ = A+ C,B' = B+
C,A”=A+C,B"=B+C.

Table 3
The comparative results of Example 3
Authors Attitude A B Ranking —A i Ranking
Asady (2011) [3] 0.5 0.5 A~B —0.5 -0.5 —A~—-B
Ezzati et al. (2012) [14] 0.65 0.55 A>B —0.35 —0.45 —A>-B
Yu et al. (2013) [34] a=0 751 1251 B> A 0.00133 0.0008 —A>-B
a=05 1 1 A~B 1 1 —-A~-B
a=1 0.00133 0.0008 A>B 751 1251 B> -4
Saneifard and Allahviranloo  (2012)[24] 0.62 0.56 A>B 0.37 0.32 —-A>-B
The proposed method (0.5,0.015) (0.5,0.002) A>B (=0.5,-0.015) (—0.5,-0.002) —B>—A4
1 I | 1 1 I I 1 1 1 I I I I I I I 1
-/ \ \ I \ 7
\ /
s ! / \ g 08f / 5
[ \ N 0 / _
o6 ! / \ \ - 06 / / =
= \ 3 g \ / 1
0A4F ’/ S \ A 0A4F p .
L // 5 \ / P = ¥
- l ’ \ - 0 2 - \ - -
0.2 I \ \ : / |
1 \ \
T T T T T T T T T T T T T T T T
0 05 1 5 2 25 3 35 3 -2 -1 0 1 2 3 4 5 6 7
X X
(a) The type-1 fuzzy number Aand B (b) The type-1 fuzzy number C and C"
1 I I I I I /I 1 1 I 1 I ; | 1 1 I I
7 \ , \
08| / - 08| y \ .
/, \ \
/, / \
06 / = 06F \ 1
=t 7 ' 3 / \
Y/
04f y - ' 04F 7 ) v
. 7 7 \ Lo - oA \
02r . 02F / B \
I \ A \
T T T T T T T T T T T T T T T
0 1 2 3 4 5 6 7 8 9 10 -3 -2 -1 0 1 2 3

=

(c) The type-1 fuzzy number A’ and B’

(d) The type-1 fuzzy number A" and B"

Fig. 5. The type-1 fuzzy numbers of Example 4.
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Table 4
The comparative results of Example 4
Fuzzy numbers A B Al B A" B
Values 1~.66 B 1.33 2.13 7.08 —0.16 —0.21
Ranking A>B A > B A"~ B’
1 i The ranking results for interval type-2 fuzzy num-
- bers in Example 5 can be concluded as follows.
0.8
I (1) From Table 5, it can easily be seen that the
- 061 ranking resultis A > B > C, which is consis-

o4l tent with peoples’ intuition.

L (2) For the images of interval type-2 fuzzy num-

0.2 Y / bers A B and C( A B —C), the ranking

/ // / of themis —C = —B > A ‘which is logical.

S 0 (3) Due to the fact that A and B are symmetric
interval type-2 fuzzy numbers with different

spread in the bottom, the proposed ranking

Fig. 6. The interval type-2 fuzzy numbers for Example 5. method can distinguish them clearly.

Using the proposed method, the ranking of the two
type-1 fuzzy numbers is A >~ B, A’ > B’ and A” > 6. Conclusion
B, respectively.

Table 4 lists the ranking résults Wi‘th the propo'se'd In this paper, we have firstly presented a new for-
method. From the comparative ranking results, it is mat of possibility mean and variation coefficient to
right that the, proposed method SfftlSﬁeS the property rank type-1 fuzzy numbers. Compared with the cur-
that the rgnkmg order of A and B does not changed rently main ranking methods, the proposed ranking
when adding any type-1 fuzzy numbers to them. method can avoid the defects that most ranking meth-

ods have, that is it not only correctly ranks the type-1

5.2. The ranking for interval type-2 fuzzy fuzzy numbers especially for the symmetric type-1
numbers fuzzy numbers having different spans in the bottom,

but also reasonably rank their images’. Meanwhile,

Example 5 is given to illustrate the properties of the some order properties are also introduced and dis-
proposed ranking method for interval type-2 fuzzy cussed. Then, we extend the concept to interval type-2
numbers. fuzzy numbers environment, and introduced a new

ranking method with possibility mean and variation

Example 5. ConSider the following interval type-2 coefficient, which not only discriminates the ranking
fuzzy numbers, =[44,41),42,2,09)], result of any interval type-2 fuzzy numbers, but also
=1[4,3,3;1), 4, 1 1;0.9)], and C= the ranking of theirimages’. Finally, several examples
[( 1/2,2,5/2,3; 1), 0,1,2,3;0.9)], which are illustrated to compare the ranking with existing
are shown in Fig. 6. main ranking methods. It is demonstrated that the pro-

According to Equations (10), (12) and (11), Table posed ranking method provides a new alternative to
5 shows the possibility mean values and variation rank type-1 fuzzy numbers and interval type-2 fuzzy
coefficient of these interval type-2 fuzzy numbers. numbers, and further enriches the ranking theories.

Table 5
The comparative results of Example 5
Fuzzy numbers A B C —A -B -C
Values (3;62, O~.18) ~ (3.62,0.07) 0.7 (73;62, 70;18) (—3.62, —0.07) -0.7
Ranking A-B>C —C>-B>-A
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