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Abstract TOPSIS is a popular used model for multiple
attribute decision-making problems. Recently, Chen and Lee
(Exp Syst Appl 37(4):2790-2798, 2010) extended TOPSIS
method to interval type-2 fuzzy sets (IT2 FSs) environment.
They first compute the ranking values of the elements in
fuzzy-weighted decision matrix, and used the ranking val-
ues to compute the crisp relative closeness through tradi-
tional TOPSIS computing process. Such ranking computa-
tion leads to the information loss of the weighted decision
matrix. In this paper, we introduce an analytical solution to
IT2 FSs-based TOPSIS model. First, we propose the frac-
tional nonlinear programming (NLP) problems for fuzzy
relative closeness. Second, based on Karnik—Mendel (KM)
algorithm, the switch points of the NLP models are identified,
and the analytical solution to IT2 FSs-based TOPSIS model
can be obtained. Compared with Chen and Lee’s method,
the proposed method operates the IT2 FSs directly and keeps
the IT2 FSs formats in the whole process, and the result of
which is precise in analytical form. In addition, some prop-
erties of the proposed analytical method are discussed, and
the computing process is summarized as well. To illustrate
the analytical solution, an example is given and the result
is compared with that of Chen and Lee’s method (Exp Syst
Appl 37(4):2790-2798, 2010).
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1 Introduction

The fuzzy set theory introduced by Zadeh (1965) has
achieved a great success in various fields. Later, Zadeh (1975)
introduced the type-2 fuzzy sets (T2 FSs), which was an
extension of the fuzzy set, and the membership values are
type-1 fuzzy sets on interval [0, 1]. Mendel (2001) further
generalized the interval fuzzy set and defined the notion of
IT2 FSs, which has been found useful to deal with vague-
ness and uncertainty in decision problems, such as perceptual
computing (Mendel and Wu 2010; Mendel et al. 2010), con-
trol system (Wu and Tan 2006; Wagner and Hagras 2010;
Wu 2012), time-series forecasting (Khosravi et al. 2012;
Chakravarty and Dash 2012; Miller et al. 2012), informa-
tion aggregation (Zhou et al. 2010, 2011; Huang et al. 2014)
and decision-making (Chen and Lee 2010; Wang et al. 2012;
Chen and Wang 2013).

MADM is a widespread method, which is applied to find
the most desirable alternatives according to the information
about attributes and weights provided by decision makers
(Damghani et al. 2013; Xu 2010). TOPSIS, introduced by
Yoon and Hwang (1981), uses the similarity to ideal solution
to solve MADM problems, where the performance ratings
and weights are given as crisp values. Later, Triantaphyl-
lou and Lin (1996) introduced fuzzy TOPSIS method based
on fuzzy arithmetic operations. Chen (2000) extended TOP-
SIS method to fuzzy group decision-making situations. Wang
and Elhag (2006) proposed a fuzzy TOPSIS method based on
alpha level sets. Wang and Lee (2007) generalized TOPSIS
method in fuzzy MADM environment. Chen and Tsao (2008)
and Ashtiani et al. (2009) extended the TOPSIS method
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to interval-valued fuzzy numbers environment. Boran et al.
(2009) proposed an intuitionistic fuzzy TOPSIS method for
supplier selection problem. Li (2010) proposed TOPSIS-
based NLP methodology with interval-valued intuitionistic
fuzzy sets. Tan (2011) introduced a multi-criteria interval-
valued intuitionistic fuzzy group decision-making method
using Choquet integral-based TOPSIS method. Robin-
son and AmirtharajE (2011) developed TOPSIS method
under triangular intuitionistic fuzzy sets. Behzadian et al.
(2012) summarized the research on TOPSIS applications
and methodologies. In addition to the developments of
fuzzy TOPSIS in traditional type-1 fuzzy formats, a notable
progress was the appearance of interval type-2 fuzzy TOP-
SIS method proposed by Chen and Lee (2010). They first
computed the ranking values of the IT2 FSs elements in
weighted decision matrix, then counted the crisp relative dis-
tance through traditional TOPSIS computing process. How-
ever, both the defuzzification from the very beginning and
the crisp distance computation are approximate, which do
not realize the IT2 FSs formats crossing the whole comput-
ing process, and lead to decision information loss.

In this paper, we provide an analytical solution to IT2
FSs-based TOPSIS model with KM algorithm. KM algo-
rithm (Karnik and Mendel 2001) is a kind of the standard
way to compute the centroid and perform type reduction for
type-2 fuzzy sets and systems (Hagras 2007; Mendel 2007a,
2013). It transforms the fractional nonlinear programming
problems into identifying the switch points of « levels, which
is monotonically and superexponentially convergent to the
optimal solution (Mendel and Liu 2007). Some applications
of KM algorithm in decision-making have also been pro-
posed. Wu and Mendel (2007) used the KM algorithm to
compute the linguistic weighted average (LWA) of type-2
fuzzy sets. Liu and Mendel (2008) proposed a new «-cut
algorithm for solving the fuzzy weighted averaging (FWA)
problem with the KM algorithm. Liu et al. (2012) proposed
the analytical solution to FWA with KM algorithm. Liu and
Wang (2013) introduced the analytical solution to general-
ized FWA with KM algorithm as well.

Based on KM algorithm (Karnik and Mendel 2001; Liu
et al. 2012), we propose an analytical solution to the TOP-
SIS model with IT2 FSs variables. First, similar to the
case of type-1 fuzzy TOPSIS method (Kao and Liu 2001;
Li et al. 2009), we transform the IT2 FSs TOPSIS model
into several interval fractional NLP problems with « lev-
els for finding the fuzzy relative closeness among the alter-
natives. Then, we use the KM algorithm to identify the
switch points of the interval fractional NLP problems with
o levels. The switch points are the optimal values of the
interval parameters, which can be used to directly express
the optimal solutions to the interval fractional NLP prob-
lems in an analytical way. Finally, we propose a computa-
tional procedure to obtain the analytical solution to IT2 FSs-
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based TOPSIS method. Compared with the current interval
type-2 fuzzy TOPSIS method proposed by Chen and Lee
(2010), it realizes the actual sense of IT2 FSs-based TOP-
SIS method computation, as the defuzzification of the fuzzy
relative closeness is dealt with at the end of the comput-
ing process, not from the very beginning. It is accurate,
as the fractional NLP problem considers all the conditions
when computing the IT2 FSs-based fuzzy relative close-
ness, and all the switch points are identified through expres-
sions.

The paper is organized as follows. Section 2 introduces
the concept of IT2 FSs, KM algorithm and fuzzy TOPSIS
method. Section 3 proposes the fractional NLP models of
IT2 FSs-based TOPSIS model with KM algorithm. Sec-
tion 4 introduces the analytical solution to IT2 FSs-based
TOPSIS model, and discusses some properties of it. Sec-
tion 5 illustrates a MADM problem under IT2 FSs envi-
ronment, and compares the results with that of the original
method. Section 6 summarizes the main results and draws
conclusions.

2 Preliminaries

In this section, we introduce the concepts of IT2 FSs, KM
algorithm and the process of computing fuzzy TOPSIS
method.

2.1 IT2 FSs and KM algorithm
2.1.1 IT2 FSs

The type-2 fuzzy sets are characterized by a fuzzy member-
ship function, where the membership value is a fuzzy set in
[0, 1], not a crisp number.

Definition 1 Zadeh (1975) The type-2 fuzzy sets are repre-
sented by a type-2 membership function Iz which can be
shown as:

A= [ wpeaosea
xeX Juel,

=/ [/ u;(x,m/u,u)}/x,
xeX uedy

where x is the primary variable, J, € [0, 1] is the pri-
mary membership of x, u is the secondary variable, and
fu cl, uj(x, w)/(x,u) is the secondary membership func-
tion at x.

Mendel (2001) generalized the interval fuzzy set and
defined the notion of IT2 FSs, which are defined as follows.
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Fig. 1 The sample of interval type-2 fuzzy sets

Definition 2 Mendel (2001) The IT2 FSs /i is an objective,
which has the parametric form as:

b L e [ ven]
xeX Juel, xeX uedy

where x is the primary variable, J, € [0, 1] is the pri-
mary membership of x, u is the secondary variable, and
/ el 1/(x, u) is the secondary membership function at x.

Definition 3 Mendel (2007b) For the IT2 FSs j, the foot-
print of uncertainty of A(FOU(A)) is defined as:

FOU(A) = | /i = ((r. ) 1 y € 4y = [AY (), AL )]l
xeX

ey

where FOU is shown as the shaded region in Fig. 1. It is
bounded by an upper membership function (UMF) AY (x)
and a lower membership function (LMF) AL(x).

Definition 4 Lee and Chen (2008) Sl{ppose ji be an trape-
zoidal IT2 FSs shownin Fig. 1, where A,- =((xil{ , xl%, xl% , xl.%;
H(A]), Ho(AD)), (i, x5, xfs xfys HUAD), Ho(AD))),
the ranking value Rank(A;) can be defined as Eq. (2).

Rank (A;) = My (AY) + My (AL) + My(AY) + My(AL)
+M3AD) + M3 RE) — ¢ (:1AY)
+S1(AF) + S2(AY) + S2(A))
+53(A0) + S3(AE) + Sy (AY) + S4(AD))

+ H(AY) + H{(AF) + Hy(AY) + Ho(AD),
)
In Eq. 2), M p(AiL) denotes the average of elements x,.j

_/+.j .
= TS p = 1,2, 3. 8,(4)

j

denotes the standard deviation of elements x;’ q and Xi(g+1)

~j 1
s = [1se

iy , 2
Sa(A)) = \/711 PR ((xijk)z -1>4, xijk) denotes the

standard deviation of elements xljk k = 1,2,3,4), j €

. - \2
(¥ - M, &))" ¢ = 123

{U,L}. H p(filj ) denotes the membership value of element

x; 41 in trapezoidal membership function Al] ,p = 1,2,
jel{U, LY i=12,...,n.

It is obvious that IT2 FSs is the simplest form of type-2
fuzzy sets. In this paper, we just discuss the TOPSIS method
under IT2 FSs environment.

2.1.2 KM algorithm

KM algorithm (Karnik and Mendel 2001) is a type reduction
method in IT2 FSs, which was originally used to compute the
centroid of IT2 FSs. The principle of which can be described
as follows.

Definition 5 Mendel and Liu (2007) For an interval type-2
fuzzy set A, the centroid ¢ i = lc1, ¢/ can be defined as the
maximum and minimum solutions to the following interval
fractional programming, respectively.

; 3

where x;s are increasing in the domain X, and 6; can be
changed between the lower membership function (LMF)
1 X(xi) and upper membership function (UMF) 1 7 (x; ).

The derivative of function y (61, 6, ..., 8,) with variable
Ok =1,2,...,n) is denoted as:

0y(61,02,....6,) _ 0 > xib;

90 T n

k k Zei
i=1

-xk_y(917927~--59 )
= ; = )

2.6

i=l1

In Eq. (4), because of Z?:l 0; > 0, it is concluded that
X is the switch point, which determines the monotonicity of
function y(6y, 6, ..., 0,). That is if
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xk 2 Y(91,92, ‘~-19n)’ )’(91,92» ""9)’!)
monotonically increases with xg;

5 600), y(601,02,...,6,)
monotonically decreases with xy.

(5)
X < y(01, 92, ..

According to Eq. (5), suppose the maximum (minimum)
of Ok is 17 (x;) (p 7 (x;)), it is implied that y (01, 62, ..., 6n)
reaches the minimum, i.e., yL, if (1) for those values of k,
it follows x; < y(01, 62, ...,0y), such that 6y = w5 (x;);
(2) for those values of k, it follows xx > y(61,6a, ..., 6,),
such that 6 = w 7(xi). Similarly, it can easily be deduced
that y(61, 0,, ..., 6,) reaches the maximum, i.e., yU, if (1)
for those values of k, it follows x; > y(61, 6, ..., 0,), such
that 6 = w7 (x;); (2) for those values of k, it follows x; <
y(61, 62, ...,0y,), such that 6, = Eg(xi)- Combined with
these conclusions together, it is easy to verify that y~ or yV
switch only once between 1 5(x;) and 1 g(xl-).

Coupled with these facts altogether, the centroid of IT2
FSs Z, ¢z = le1, ¢, ], can be computed as:

k —
Z,‘lzl xi,u',Z(xi) + lezkH-l xiﬁg(xi)
ki —
Zilzl g (xi) + Z;N=k1+1 ﬁ;(xi)

(6)

=

ky _
2.l xipz(xi) + Z;V:k,.H Xz (x;)

ky N —

2l Hy() + 200 1 mx(x)
where k; and k, are called “switch points” with xi, < ¢; <
Xk+1 and xg, < ¢, < xg,41. The determination of k; and &,
can be performed using the KM algorithm (Mendel and Liu

2007). The computation process is omitted because we only
use the principle of them.

(N

¢ =

2.2 The process of computing fuzzy TOPSIS method
2.2.1 The process of computing type-1 TOPSIS method

Suppose a fuzzy MADM problem has n alternatives A_,,
and m decision criteria Cy_,, X;; (j = 1,2,...,m; i =
1,2,...,n) is the type-1 fuzzy rating of alternative A; for
criteria C;, w; is the type-1 fuzzy weight for criteria C;.

The process of computing type-1 fuzzy TOPSIS method
can be summarized as follows (Wang and Elhag 2006).

Step 1. Construct the decision matrix X, and normalize
average decision matrix as X = (Xji)mxn-

Step 2. Construct the weighting matrix W,,, and normal-
ize average weighting matrix as W = (W) 1xn-

Step 3. Define the positive ideal solution and the negative
ideal solution.

Step 4. Compute the fuzzy relative closeness for alterna-
tives as below.

@ Springer

V2 (wixji)?

RC; = ®)
E i + 3 i — D)2
st.wf <w <wl,i=1,2...,n
x]l.’l. iji SXA%,‘].ZI,Z,...,WL

As RC; is a triangular fuzzy number, the lower and upper
limits can be obtained by the following fractional NLP mod-

els:
RCE = min \ Z"Zl:l(wiiji)z
I Ay n il — 1))2
Zizl(wzxj,') + Zizl(wt(xj,' )
s.t.wiLSwifwiU,izl,Z...,n. )
RCY = max zgl:l(wix%)z
i n UN2 n X U _1 2
Zi:l(wlxji) + Z,‘Zl(wz (xji )
st.wF<w; <w’,i=1,2,...,n (10)

U
jiv

of ¥;; and iy, and RC; = [RC?,RCJL.].

U

where x;; = [x iji] and w; = [w;”, wiL] are the intervals

Step 5. Defuzzify and rank alternatives in terms of their
relative closenesses. The bigger the RC; is, the better
alternative A ;.

2.2.2 The process of computing IT2 FSs TOPSIS method

Suppose a fuzzy MADM problem has n alternatives Aj_,,
and m decision criteria C1_,,, 7 ji 1s the interval type-2 fuzzy
average evaluation for alternative A; with criteria C;, u:)i is
the interval type-2 fuzzy average weighting with criteria C;.
According to Chen and Lee (2010), the process of com-
puting IT2 FSs TOPSIS method is denoted as follows.

Step 1-3. Construct the fuzzy-weighted decision matrix
Yo = Wmsxn = Wi @ )Z/t(] = L2,....m i =
1,2,...,n).

Step 4. Compute the ranking values of the elements
in fuzzy-weighted decision matrix Y,, using Eq. (2),
and construct the crisp ranking-weighted decision matrix
Y = Rank(1,;).

Step 5. Define the positive ideal solution and the negative
ideal solution from matrix Y.

Step 6. Calculate the distances of the alternative from the
ideal solution and the negative ideal solution.

Step 7. Calculate the crisp relative closeness to the ideal
solution.

Step 8. Rank alternatives in terms of their crisp relative
closenesses. The bigger the RCj is, the better alternative
Aj.
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3 The fractional NLP models of IT2 FSs-based TOPSIS
method

Here, we extend the type-1 fuzzy TOPSIS method to IT2 FSs
environment. Through solving the fractional NLP models of
IT2 FSs fuzzy relative closeness with KM algorithm, the ana-
lytical solutions to IT2 FSs-based TOPSIS can be obtained.

3.1 The fractional NLP models for IT2 FSs-based TOPSIS
method

Suppose % and u:)l- are the normalized IT2 FSs, &; €
(5 (@), ¥ @)1, wi € [w] (), wf (@pl, (@) € lai
(@), bu(a)], 57 (aj) € lai(a)), bir(ap], BF ;) € [cir
(), dit(eej)] and WY (aj) € [cii(aj), dir(j)], the UMF
and LMF of which has the same maximum and minimum
membership value, respectively, are shown in Fig. 2.

Provided that the membership value of )ZL(ot) (1Z)L(0t))
and xU(a)(wU(a)) is denoted as h~ (a)(h (a)) and hx @
nY i (a)) respectively. The corresponding maximum and
minimum membership value of which is denoted as /max
and iy, respectively. That is

Bmax = max AY = max AY
M vielln] Ti(e) = vie[ln] i@

hpmin = min AL, = min ht
M ietn] 5@ T i, Wi

According to Problem (8), the fuzzy relative closeness
of IT2 FSs-based TOPSIS method for each alternative by
solving NLP models is denoted as Problem (11), which is
also shown in Fig. 3.

- JE wi?
JZZ i) S i (s — 1)2

s.t. W; (ot)fwifwi (),i=1,2,...,n

i@ < xji < Ff@), j=1,2,...,m

(11)

where )Zle (oz)(zZ)l.L () is the left region of IT2 FSs )%ji(u:)i),
#8(a) (@R (@) is the right region of IT2 FSs Xji(p),

)

max

h

‘min

0 RC,

Fig. 3 The interval type-2 fuzzy sets of RC

xji(a) = [x]l (), x ~R (a)] and w; (@)
are the a-level sets of % i and w,

Similar to the principle of Problems (9) and (10), the left
and right region can be obtained by solving fractional NLP
models as Problems (12) and (13), respectively.

[} (@), B (@)]

n

Z(w,x ())?
RC (o) £ min =
> (wik @)+ | 3 (wi (5 (@) —1))?
i=1 ’ i=1 ’
s.t. wh(@)<w; <of(@),i=1,2,...,n.

12)

/é(wif}‘; (@)

3 (wifR (@) +
i=1

Ii\éf(oc) £ max
> (wi@ER @) —1))2
i=1

st wE (@) <w; <of(@),i=1,2,...,n.
(13)
where i (@) = [aji(@), ajir(@)], if@) = [bjile),
bjir(@)], W () = [ci(@), cir(@)] and BF (@) = [di(@),
d,r(()l)]

It is obvious that RC i(a) = [I?(?f (), ﬁéf ()] can be
generated by solving NLP Problems (12) and (13).

Fig. 2 The interval type-2 fuzzy sets of %; and w;
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According to Eq. (8), the final interval type-2 fuzzy rela-
tive closeness RC j(a) can be expressed as:

RC; = | JIRC! (@), RCf @), 0<a <1, (14)

Next, we introduce anew NLP problem, through which the
optimal solution to Problems (12) and (13) can be computed
indirectly.

Theorem 1 For X and w is the IT2 FSs-based aggregated
element and weight, respectively. Let

i (ﬁ)i(;ji - 1))2

n

oo =1
I n = = ’
> (WX i)
i=1
st.wl(@) <w; < of(@),i=1,2,....n,
i) < Xji <if(@),j=1.2....m. (15)

ifxji = )?le and )?le reaches its minimum (maximum) point,

. x S~L .o .
then the left region fL(a) and RC” («) obtain its maximum
(minimum) and minimum (maximum) values correspond-

. . . % _ =R ~R P
ingly; otherwise, if Xj; = X5 and X5 reaches at minimum

. . . . ~ SA~R
(maximum) point, then the right region f R () and RC" ()
get the maximum (minimum) and minimum (maximum) in
correspondence.

Proof See Appendix A. O

From the conclusions of Theorem 1, it is evident to see
that the optimal solution to Problem (11) can be realized if
Problem (15) holds.

Accordingly, the optimal solutions to Problems (12) and
(13) can be computed by solving Problems (16) and (17)
indirectly.

S (i =)’

jFITkL(a) 2 min =

n ’

> (widh (@)?
i=1

st. wk@) <w; <wf(@), i=1,2,...,n. (16)

st. wF(@) <w; <of@), i=1,2,...,n. (17)

@ Springer

Then, the fuzzy relative closeness of IT2 FSs-based TOP-
SIS method can be obtained through solving Egs. (18), (19).

— 1

RCT (@) 2 ———, (18)
1+ f*L ()

RCR () 2 ! (19)

3.2 The fractional NLP models of IT2 FSs-based TOPSIS
method with KM algorithm

Here, we prove Problem (15) satisfies the principle of KM
algorithm.
Let us rewrite the objective function of Problem (15) into

the relation between f (i ) and w j»and get

> (x))?
j=1

Then, the derivative of f(u:)l, 512, R ﬁ}n) to u:)k(k =
1,2, ..., n) can be expressed as:

3 f (1, W, ..., W)

Iy

_ 2wy (x — 1)% = 2wpx f (W1, wa, . . ., ﬁ}n)' (20)

m

> (W)x))?

J=1

From Egq. (20), it is obvious that
af(li)19 u:)27 AIR ] u:)n)
du;

e (=12
if P

. d)n)»

).

1, Wy, ..

Su

207

v

\ll \ll

(

- 2
(Wi, wo, ..

e (g=1)?
if X%

<0, <

Itis concluded that the extreme points of f(u:)l , 5)2, o, 5)")
can be obtained through changing the direction of weight-
ing wy. If we compute f*R(f*L), wy switches only once
between a;,f (o) and 111,5 (). Hence, the computation of the
maximum (minimum) of f (1?11, 5)2, el If)n) can be con-
verted into solving the maximum (minimum) of w; = w ,f (@)
(w; = Wf (@)

According to the principle of KM algorithm, if )EI.L (o)
and )El.R () are increasingly orders, the solutions to f ()%) are
reduced to finding the switch points of k; and kg.
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Putting all of these facts together, problems (16) and (17)
can be transformed into Egs. (22) and (23).

> i@ = 1))
L2 FL(q, k) £ min =

; (w;id; (@)

kr - 5 2 n - - 2
> (di(a)(ai(a)—l)) + Y @) @@—1)

N min i i=kj+1
o ki, - B 2 n » 5 2 ’
> (dia@) + 3 @E@ai@)
i=1 i=kp+1
(22)
m B 2
(withi@ — 1)
FR2 FR k) 2 max =1
, —
ibi
£ (vio)
kg, - 2 n - - 2
> (a@Gi@-D) + 3 (d@di@-1)
2 max i=1 i=kgp+1
kg - 2 n - - 2
ci (o0)b; + d; (a)b;
2 (@@b@)+ > (d@hw)
(23)

In Egs. (22), (23), a; (@) and l;,- (o) are increasing orders;
f*L and f*R denotes the left region and right region of the
function f; ki 2 kp(e) and kg £ kg («), both of which are
the switch points, such that

g, (@) < f* < @, 11(a), (24)

bip (@) < f*R < bppr1(@). (25)

As f is a monotonically increasing function, Egs. (22), (23)
can be changed into Eqs. (26)—(29).

fila, k) = _ min
Vaj €lai,air]
vei€leir,cirl.Vd; €ldir,dir]
n

kLo, B 2 . B 5
Z](di(a)(ai(a)—l)) + > (@C@@a)—1)

i=kp1+1

X
ST B 2 n B . 5
> (d@a@) + X @G@ai)
i=1 i=kp1+1

£ min

veieleircirl

vd; eld;.dir]

n

ku o 2 B )
> (h@@ne@-D)+ ¥ @@=

% i=kpl
ko, 2 n B ) ’
> (dian@) + > @ea@)
i=1 i=kp+l
(26)
fiv(@, k) & max
Véi€lcir.cirl
Vd; €ldi1 . dir]
kie /. 2 n _ 2
> (d@@@-D) + X @@ -1
i=1 i=kpH
x kir /. 2 n 2 ’
> (d@ar@) + > Geai @)
i=l i=kpH
@7)
T ) Véienllcli?vcirj
Vd;€ldji.dir]
kri ) n - 2
> @@~ 12+ Y (d@bu@ -D)
i=1 i=kgrtl
* krp , & . 2 ’
> @@bu@)?+ Y (di@bi@)
i=1 i=krrtl
(28)
fiele: 1) = chig[lcai'l)fcir]
Vd; €ldi1 dir]
kry 5 2 n - 2
> G@bir@ =17+ X (d@bi@-1)
i=1 i=kpe+1
X s
krr 5 2 n - 2
> (@@bir@)’ + Y (d@by@)
i=1 i=er+1
(29)

In Egs. (26)—(29), aii(@), air(«), bij(a) and b;.(«) are
increasing orders.

Suppose the left region f L (@) and the right region & (c)
can be denoted as:

FH@) = [fu@), fi(@)l,
FR@) = [fri(@), fre(@)].

In the following, we propose the expressions to compute
the fuzzy relative closeness for Egs. (26)—(29).

Theorem 2 The following properties are true.

(1) InEq.(26), fL| canbe specified as Eq. (30), where a;j; (o)
is an increasing order, ky| is the switch point satisfying

Ay 1 (Ol) = f]j(l(aa k) = Ay 41,1 (Ol)

(2) InEq. (27), fLr canbe specified as Eq. (31), where a;, («t)
is an increasing order, ky is the switch point satisfying
gy, (@) < fif (e, k) < agg 41,0 ().
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f]j((x,k)
ki1 n
> i@ @@ - D2+ Y @ (@) — 1)?
_i:l i=ky+1
kil n ’
> dir@ai@)*+ Y (cu@ai(@)?
i=1 i=kp+1
(30)
fii (e k)
krr n
S @@ — D2+ Y (@ (i) — 1)
_i:l i=kps+1
kpr n
> @i@ai @)+ > (cir(@air(@))?
i=1 i=kpr+1

(31)
fﬁkl(av k)
k n
zl (Cr@bin(e) — D)+ S digle) (bin(@) — 1))?

i=krj+1

kRri n
_zl<cir(a>cir(a>>2+ > (di(@)bi(@)?

i=kgri+1
(32)
e (e, k)

Rr

> (i@ bir(@—1D)+ Y dir(@) (bir(@)—1))>

i=1 i=kgr+l

> (dir(@bir(@))?

i=kr+

)

er
zl (cit(@)bir(@))*+

(33)

(3) InEq. (28), frican be specified as Eq. (32), where b;; ()
is an increasing order, kgry is the switch point satisfying
b 1 (@) < [0 k) < bigy1.1(0),

(4) InEq. (29), frr canbe specified as Eq. (33), where b, («t)
is an increasing order, kg; is the switch point satisfying
D (@) < [ (@, k) < bigst s (@),

Proof See Appendix B. O

Remark 1 In Theorem 2, there may exist intersection among
the aggregated elements in Egs. (30)—(33). If they do, the
aggregated elements a;;(«), a;, (), bjj(a) or b;r () must
be ordered increasingly in each subsection with different «
levels, and write the corresponding function f*, respectively.

From the conclusions of Theorem 2, it can easily be seen
that k = kr), k = krr, k = kgy and k = kg, in Egs. (30)—
(33) becomes the optimal solutions to Egs. (34)—(37), respec-
tively.

ful = _ min _ fi(e k), (34)
fule) = _ max  fire k), (35)
frl@) = _ min  frile, k), (36)
fre()y = max  frele, ). (37
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Coupled with the conclusions of Theorem 1, the switch
pointk = ky 1,k = kir,k = krjandk = kg, in Egs. (34)—-(37)
is also the optimal solution to Egs. (38)—(41), respectively. It
follows that

1

I+ fui(@)
= 1}1111 1RCLl(oz, k),
n—

RCLi(@) =

(38)

,,,,,,

Reur(e) = 1+ V/ fir(a)

max  RCp,(a, k),
k=0,1,...,n—1

(39)

1

1+ +/ fri(a@)
min ~ RCui(@ k).
Ve —

RCgi(a) =
(40)

1

T V@
= I?ax . RCgri (e, k).

=0,1,...,n

RCp; ()

(41)

4 The analytical solution to IT2 FSs-based TOPSIS
model

4.1 The identification of the switch points

Next, we introduce another functions called difference func-
tions to compute the switch points in Egs. (34)—(37).

Theorem 3 The optimal solution to Egs. (34)—(37) withk =
kr1, k = kir, k = kry and k = kry can be determined as Eqgs.
(42)—(45), respectively.

(1) In Eq. (42),

ki1

dui(e, k) = Z(akL1+1,1(a) — ai1(@)) Cagy 41,1 (@)aip (o)

i=1

— g +1,0(@) — ai () (dir (@))?

+ D> (@) — ai(@) Qag 1.1(@air ()
i=ky+2

— iy 41.0(00) — ain(@)) (cig (@), (42)
dry(a, k) is a decreasing function with respect to k(k =
0,1,....,n — 1), and there exists k = kpthkyy =
1,2,....,n — 1), such that dyj(o, kyy — 1) > 0 and
dri(a, kry) < 0. So, ky is the optimal solution to Eq.
(34), i.e., kyy = k*. Moreover, when k = 0,1, ..., kyy,
f(a, k) is an increasing function concerning k; when
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k =k, ki +1,...,n, f(o, k) is a decreasing func-
tion with respect to k. So, k1 is the global maximum
solution to Eq. (34) with fri(a) = f(a, kp).

(2) In Eq. (43),

kLr
dir(e, k) = (ar 1. (@) — air (@) a1 (@)air (@)

i=1

— gy 1,0 (@) — @iy (@) (dir(@))?

n
+ D (@@ —air (@)
i=kp 2
X agy 1,r (@)air (@)

— k1,0 (@) = air (@) (cir (@), 43)
dir(a, k) is a decreasing function with respect to k(k =
0,1,....,n — 1), and there exists k = ki(kpy =
1,2,...,n — 1), such that di(a,kiy — 1) > 0 and
dir(a, kir) < 0. So, kir is the optimal solution to Eq.
(35), i.e., kir = k*. Moreover, whenk =0, 1, ..., ki,
f(a, k) is an increasing function concerning k;, when
k = ki, ke +1,...,n, f(a, k) is a decreasing func-
tion with respect to k. So, kyr is the global maximum
solution to Eq. (35) with fi:(a) = f(«, kLr).

(3) In Eq. (44),

kRi
dri(e, k) == (bigy41.1(e) — bir(@))
i=1
(2D +1.1(@)bi ()
— b1, (@) — bir(a)) (cir (@))?

n

= D (big1a(@) — bis(@)

i=kr1+2

X (2bkgy+1.1(e)bir ()

— Dr10(@) = biy(@)(di @), (44)
dri(«, k) is an increasing function with respect to k(k =
0,1,...,n — 1), and there exists k = krithkri =
1,2,...,n — 1), such that dri(a,kri — 1 < 0) and
dri(a, krpi > 0). Hence, kgy is the optimal solution
to Eq. (36), ie., kpi = k*. Moreover, when k =
0,1,...,kry, f(a, k) isadecreasing function of k; when
k =kri, kri + 1,...,n, f(a, k) is an increasing func-
tion of k. So, kry is the global minimum solution to Eq.
(36) with fri(a) = f(a, kr1).

(4) In Eq. (45),

er
dre (@, k) = =D (brgyt1.r (@) = bir (@)
i=1
X (2bjet1.r (@)biy (1)
— biget1. (@) — bir (@) (cir (@))*

n

= D (bager1(@) = bir(@))

i=kpr+2
X bty 1,0 (@)bir (@)
— b1 (@) = bir (@) (dip (@))*,  (45)
dre(a, k) is an increasing function with respect to
k(k = 0,1,...,n — 1), and there exists a value of
k = kre(krr = 1,2, ...,n — 1), such that dr: (e, krr —
1 < 0) and dr. (e, kry > 0). Hence, k* is the optimal
solution to Eq. (37), i.e., ky = k*. Moreover, when
k=0,1,...,kry, f(o, k) is a decreasing function of k;
when k = kgry, krr + 1, ..., n, f(a, k) is an increasing
function of k. So, kry is the global minimum solution to
problem (37) with fre() = f (o, kry).

Proof See Appendix C. O

Remark 2 In Theorem 3, the optimal solutions to Egs. (42)—
(45) may not be unique, that is to say, there may exist mul-
tiple results of k* with respect to a difference function. In
that case, these optimal solutions must be located together as
continuous sequence, and have the same fuzzy relative close-
ness, which constitute the global analytical solutions to Eqgs.
(30)—(33).

From the conclusions of Theorem 3, it can easily be seen
that the switch points in Egs. (30)—(33) can be obtained by
computing the difference functions of Egs. (42)—(45), which
are also the optimal switch points in Eqgs. (38)—(41).

Combined with the conclusions of Theorem 2 and The-
orem 3, the procedure of computing fuzzy relative close-
ness for IT2 FSs-based TOPSIS method can be concluded in
Tables 1, 2.

Remark 3 AsIT2 FSs is bounded by UMF AY (x) and LMF
AL (x), both of which are type-1 fuzzy sets, it is obvious
that the analytical solution to IT2 FSs-based TOPSIS method
shown in Tables 1, 2 is also applicable to type-1 fuzzy TOP-
SIS method.

4.2 The procedure of the analytical solution to IT2
FSs-based TOPSIS model

Based on the proposed process for computing fuzzy relative
closeness in Tables 1, 2, the procedure of the analytical solu-
tion to IT2 FSs-based TOPSIS method can be summarized
as follows.

Step 1. Construct the decision matrix X, and normalize
average decision matrix as X = ()% Jidmxn-
Step 2. Construct the weighting matrix W, and normalize

average weighting matrix as W = (u:)i)lxn.
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Table 1 The process of
computing the UMF RCY for
IT2 FSs-based fuzzy relative
closeness

Table 2 The process of

computing the LMF RC" for
IT2 FSs-based fuzzy relative
closeness

@ Springer

Step Algorithm for RCp (@) Algorithm for RCg,(«)

(1) Judge whether there exists intersection Judge whether there exists intersection between
between fuzzy assessments fuzzy assessments b;-(@)(i = 1,2, ..., n), if they
ajl(a)(i =1,2,...,n), if they do, do, divide the b;, () into different subsections,
divide a;; (o) into different subsections,  then go to Step (2), respectively
then go to Step (2), respectively

) Sort one subsection Sort one subsection b;,(x)(i = 1,2,...,n)in
aj(@)(i =1,2,...,n) in increasing increasing order
order

3) According to Eq. (42), construct left According to Eq. (45), construct right difference
difference functions functions dgr,(a, k)(k =0,1,...,n—1)
dij(a, k) (k=0,1,...,n—1)

4 Fordyj(a, k)(k =0,1,...,n—1),find Fordr,(a, k)(k =0,1,...,n— 1), find the optimal
the optimal switch point switch point k* = kg, (k* = 1,2,...,n— 1)

K =kpyk*=1,2,...,n—1) according to Theorem 3 (4)
according to Theorem 3 (1)

5) Substitute k* = k& into Eq. (30) and get ~ Substitute kg, into Eq. (33), and get the function
the function fi;(a, k) Sre(a, k)

(6) Write the minimal relative closeness for ~ Write the maximal relative closeness for right region
left region RCy () with Eq. (38) RCRg(«) with Eq. (41)

7 Repeat Steps (2-6) until all the
subsections have been computed

8) Combine functions RCp («)
with RCg, () together, and picture ﬁéU (o)

Step Algorithm for RCp () Algorithm for RCpj(«)

(1) Judge whether there exists Judge whether there exists
intersection between fuzzy intersection between fuzzy
assessments assessments
air(@)(i =1,2,...,n),if they bif(@)(i =1,2,...,n),if they
do, divide the a;, () into do, divide the b;;(«) into
different subsections, then go to different subsections, then go to
Step (2), respectively Step (2), respectively

2) Sort one subsection Sort one subsection
air(@)(i=1,2,...,n)in bij()(i=1,2,...,n)in
increasing order increasing order

3) According to Eq. (43), construct According to Eq. (44), construct
left difference functions right difference functions
di(a, k) k=0,1,....,n—1) dri(e, k)(k=0,1,....,n—1)

()] Fordy (o, k)(k =0,1,...,n—1), For dri(a, k)(k =0,1,...,n—1),
find the optimal switch point find the optimal switch point
kK =k (k*=1,2,...,n—1) k* =kpik*=1,2,...,n—1)
according to Theorem 3 (2) according to Theorem 3 (3)

5) Substitute k* = ki, into Eq. (31), Substitute k* = kg; into Eq. (32),
and get the function fi,(«a, k) and get the function frj(e, k)

(6) Write the maximal relative Write the minimal relative
closeness for left region RCp () closeness for right region
with Eq. (39) RCgi (@) with Eq. (40)

7 Repeat Steps (2-6) until all the
subsections have been computed

(8) Combine functions RCp (o)

with RCg(«) together, and picture ﬁEL (a)
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Table 3 Linguistic variables for the evaluation of the criteria

Linguistic variables  IT2 FSs

Very low (VL) ((0,0,0,0.1; 1), (0,0, 0,0.05; 0.9))

Low (L) ((0,0.1,0.1,0.3; 1), (0.05, 0.1, 0.1, 0.2; 0.9))
Medium low (ML) ((0.1,0.3,0.3,0.5; 1), (0.2,0.3,0.3,0.4; 0.9))
Medium (M) ((0.3,0.5,0.5,0.7; 1), (0.4,0.5, 0.5, 0.6; 0.9))
Medium high (MH)  ((0.5,0.7,0.7,0.9; 1), (0.6, 0.7, 0.7, 0.8; 0.9))
High (H) ((0.7,0.9,0.9,1; 1), (0.8,0.9,0.9, 0.95; 0.9))
Very high (VH) ((09,1,1,1; 1), (095, 1,1, 15 0.9))

Step 3. Define the positive ideal solution A* = {1, 1, ...,
1} and the negative ideal solution A~ = {0, 0, ..., 0}.
Step 4. Write the normalized average evaluations and
weights witho (o € [0, 1]) level as: ajj (o), air (@), bir(e),
bir (), cif(@), cir(a), dij (@) ﬂgdudir(a)

Step 5. Compute the UMF RC; («) of IT2 FSs-based
fuzzy relative closeness according to Table 1.

Step 6. Compute the LMF liCJL (o) of IT2 FSs-based
fuzzy relative closeness according to Table 2.

Step 7. Draw the closed form of IT2 FSs-based fuzzy
relative closeness RC according to the final expressions
in Steps 5-6.

Step 8. Computing the ranking values Rank(l?éj) accord-

ing to Eq. (2), the bigger the Rank(l?Cj-) is, the better
alternative A ;.

5 Example

The example was investigated by Chen and Lee (2010),
there are three alternatives Aj_3 evaluated against four cri-
teria C1_4 by three decision makers Dj_3. The linguistic
evaluation variables are duplicated in Table 3. Tables 4, 5
show the average weights and assessments provided by the
three decision makers. The aggregated fuzzy numbers are
obtained by averaging the fuzzy opinions of the three deci-
sion makers, that isw; = 3 Zk lﬁ)k(] =1,2,...,4) and

x,/—3zk1 (i=1,2,3j=12,. 4),whereu:)’;
and x xl. ; are the relatlve weights and the ratings given by the
kth decision maker, respectively.

5.1 Computing process

Here, we take alternative A; as an example, and show the
process of computing the IT2 FSs-based fuzzy relative close-
ness in an analytical way.

Step 1 Construct the decision matrix X , and normalize the
fuzzy average decision matrix, which is shown in Table 5.
Step 2 Construct the weighting matrix W, and normal-
ize the fuzzy average weighting matrix as W = (;)1xn
shown in Table 4.

Step 3 Define the positive ideal solution A* = {1, 1, ..., 1}
and the negative ideal solution A~ = {0, 0, ..., 0}.

Step 4 Write the average fuzzy evaluations for alternative
A1 and the average weights with « level, respectively.

Y (@) = (0.57 + 0.2, 0.93 — 0.16a),
Y (@) = (0.77 +0.16a, 1 — 0.07a),
¥ (@) = (0.77 4+ 0.16a, 1 — 0.07a),
(@) = (0.77 4 0.16a, 1 — 0.07a),
WY (@) = (0.83 +0.14a, 1 — 0.03),
WY (@) = (0.83 +0.14a, 1 — 0.03),
0¥ (@) = (0.43 + 0.2, 0.83 — 0.2a),
0¥ (@) = (0.77 +0.16a, 1 — 0.07c).

Step 5 Compute the fuzzy relative closeness RCy ; for alter-
native Aj.

(1) Sort the aggregated elements aj; () (i = 1,2,3,4)
in increasing order. According to the expressions of
the aggregated elements a;; () (i = 1,2,3,4), the
graph can be drawn as Fig. 4. For any o € [0, 1], it
follows that ay; (@) < ay(a) = az(a) = ag(a).
Hence, the order of a;;(i = 1,2,3,4) need not be
changed.

(2) Construct the left difference functions dy (o, k) (k =
0, 1, 2, 3) for alternative A;. According to Eq. (42), the
difference functions dyj(«, k)(k = 0, 1, 2, 3) for alter-
native A are denoted as Eq. (46)—(48), which are also
shown in Fig. 5.

Table 4 The relative weights of

the five criteria provided by Criteria D Dy D3 Average IT2 FSs

decision makers el VH H VH ((0.83,0.97,0.97, 1; 1), (0.9, 0.97, 0.97, 0.98; 0.9))
lo H VH VH ((0.83,0.97,0.97, 1; 1), (0.9, 0.97, 0.97, 0.98; 0.9))
Cs M MH MH ((0.43,0.63, 0.63, 0.83; 1), (0.53, 0.63, 0.63, 0.73; 0.9))
Cs VH H H ((0.77,0.93,0.93, 1; 1), (0.85, 0.93, 0.93, 0.97; 0.9))

@ Springer



X. Sang, X. Liu

Table 5 The evaluation of the three candidates by all decision makers

Criteria Alternatives Decision makers Average IT2 FSs
D D, Ds
C Ay MH H MH ((0.57,0.77,0.77,0.93; 1), (0.67,0.77,0.77, 0.85; 0.9))
Ay H MH H ((0.63,0.83, 0.83,0.97; 1), (0.73, 0.83, 0.83, 0.9; 0.9))
As VH H MH ((0.7,0.87,0.87,0.97; 1), (0.78, 0.87, 0.87, 0.92; 0.9))
Cc2 Ay H VH H ((0.77,0.93,0.93, 1; 1), (0.85, 0.93,0.93, 0.97; 0.9))
Ar MH H VH ((0.7,0.87,0.87,0.97; 1), (0.78, 0.87, 0.87,0.92; 0.9))
Az VH VH H ((0.83,0.97,0.97, 1; 1), (0.9,0.97, 0.97, 0.98; 0.9))
C3 A VH H H ((0.77,0.93,0.93,1:1),(0.85,0.93,0.93,0.97,0.9))
Ap H VH VH ((0.83,0.97,0.97, 1; 1), (0.9,0.97, 0.97, 0.98; 0.9))
A3 M MH MH ((0.43,0.63,0.63, 0.83; 1), (0.53,0.63, 0.63, 0.73; 0.9))
C4 Ay VH H H ((0.77,0.93,0.93, 1; 1), (0.85, 0.93,0.93, 0.97; 0.9))
Ap H VH H ((0.83,0.97,0.97, 1; 1), (0.9,0.97, 0.97, 0.98; 0.9))
A3 H VH VH ((0.77,0.93,0.93, 1; 1), (0.85, 0.93,0.93, 0.97; 0.9))
a
az (@) /az (o) /aq(a) 1
08 |
/a”(a) dui(en 1) = D (ay — aip) Qayair — ay — ai))d;,
06 | i=1
5
2
ok + Z(azl — ai)2ayair — az — air)cj;
i=3
2
0.2+ = (ay — ay)Rayay — ay — ay)dy,
+ (ay — ay)Rayay — ay — az)cy,
T T T T T « 2
0 0 o 06 08 ! + (ay — ay) Qayay — axy — ay)cy
] , = —0.08878 + 0.00006a* — 0.00262c>
Fig. 4 The plots of a;;(«) for alternative A )
+0.0063a” + 0.04482« 47)
d
du(a, 2) = du(a, 3) = dui(a, 1) (43)
0.2F
-\ (3) Find the switch point of difference function dy j (¢, k*) for
011 du(a,0) alternative A. From Fig. 5, it can easily be seen that for
I any « € [0, 1], it follows dp (e, 0) > 0 and dj(e, 1) <
0 — T T T 1T T T 1~ 0. According to the conclusions of Theorem 3(1), it is
0.2 0.4 0.6 0.8 . . . .
r obvious that if « € [0, 1], such that the switch point
dLl(a,l)/du(a,Q)/du(a, 3) % [ ] p
—0.1F k* = kLl = 1.
(4) Write the expression of function fi;(«) for alternative
Aj. According to Eq. (30), when k;; = 1, the closed-
Fig. 5 The plots of di;(a, k) for alternative A, form expression of function fij(c) can be denoted as

4

dp(a,0) = Z(all —a;;)2ayay — ay — ail)Cizl

i=2

= (a1 — ay)Qayay — ay — azz)C%;
+ (ay — az)(2ayay — ay — az)cs,
+ (a1 — aq)Rayaq — ay — a4z)642u

= 0.13558 + 0.00022¢° + 0.001020*

—0.00498¢> — 0.032250% — 0.00521a  (46)
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fule) ==

Eq. (49).

| 5
> (dir(air — D)+ X (cirlay — 1))?
i=

1 5
> (dirain)? + Y. (ciiai)?
P i=

0.26249+0.00222a* +0.00783a> +0.0446402 — 0.25662c

1.1945140.002220* 4-0.0354603 +0.2750302 +0.95576a
(49)
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(5) Write the analytical solution to RTJU (a) for alternative
Aj. Substitute Eq. (49) in Eq. (38), for Va € [0, 1],
the closed-form function of fuzzy relative closeness
li\éu (ov) can be expressed as Eq. (50).

RCp ()
1

N 1+ 0.26249+0.00222¢*+0.00783¢3+0.0446402—0.25662c
1.1945140.002220:4+0.03546:340.275030:2+0.95576¢

a €0, 1]. (50

(6) Write the analytical solution to fuzzy relative close-
ness ﬁéRr () for alternative Aj. Similarly, the maximal
fuzzy relative closeness RCg; for alternative A can be
shown as Eq. (51).

RCg; ()
1

1+\/0.00338+O.00073o{4+0.00378a3+0.036]]a2+0.01657a '

3.28473+0.00073* —0.0089a 3 4-0.0988802 —0.91246«
a € [0,1].

(7) Draw the closed form of UMF li\(j? for alternative Aj.
Combined with Egs. (50) and (51) together, the closed

form of UMF IiCU for alternative A can be written as
Eq. (52).

1
RCpi(a) = )
1+ 0.26249+0.002220:4+0.0078303 +-0.04464:2 —0.256620
1.19451+0.002220% +0.0354603 +-0.275030:2 +0.95576c
a € [0, 1];
— 1
RCpe(ar) =

bl
1+ 0.00338-+0.000730:%+0.0037803+0.036110:2+0.01657cx
3.28473+0.00073a% —0.0089¢3 +-0.09888:2 —0.912460

a €[0,1].

(52)

Step 6 Compute the LMF I?élL of relative closeness for
alternative A;. According to the computing process in
Table 2, the closed-form function of fuzzy relative close-
ness f{\éf can be obtained as Eq. (53).

[ 1
RCLi(a) = ,
1+ 0.14539+0.00021a4+0.0022503 40017482 —. 11196
1.74131+0.0002 1% ++0.00695¢:3 +0.10378c2 +-0.70266c
o €0, 1];
1
RCri(a) =

,
i 0.0204240.0000804+0.000770:340.0143702+0.03 1«
2.87556+0.00008a% —0.00159a3 +0.0313 102 —0.48538c

a € [0, 1].

(33)

Step 7 With the same method, compute the whole closed-
form function of fuzzy relative closeness for alternatives

(D

0.8

0.6

o

0.4

0.2

Fig. 6 The fuzzy relative closeness for the three candidates

Aj and Az. The pictures of IT2 FSs-based fuzzy relative
closeness for the three alternatives are shown in Fig. 6.
Step 8 Using Eq. (2), the final ranking values of the
IT2 FSs-based fuzzy relative closeness for the three
alternatives are computed as: Rank(A;) = 8.83836,
Rank(A;) = 8.95285, Rank(A3) = 8.75709. That is the
best alternative is A, and the ranking of the alternatives
is

Ar = A1 > As.

5.2 Discussion

Compared with Chen and Lee (2010), it is coincidental that
the ranking results are the same. But the proposed method is
completely different from that of Chen and Lee (2010), the
differences of which are summarized as follows.

(1) It realizes the actual sense of IT2 FSs-based TOPSIS
method computation. As the IT2 FSs formats are kept
through the whole computing process when solving the
fuzzy relative distance functions for the three alterna-
tives, and the defuzzification is dealt with at the end
of the computing process, instead of the defuzzification
from the very beginning of Chen and Lee (2010).

(2) Ttis accurate. As the fractional NLP models consider all
conditions when computing the I'T2 FSs-based fuzzy rel-
ative closeness for the three alternatives. And the switch
points of which are recognized through solving differ-
ence functions. By computing the algebraic formula
of the object function within « € [0, 1], the analyti-
cal solution to IT2 FSs-based TOPSIS model can also
be obtained, which avoids information loss in comput-
ing process. However, in Chen and Lee (2010), after
the defuzzification of the elements in weighted decision
matrix, the crisp relative closeness is computed through
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traditional TOPSIS method, which cause decision infor-
mation loss.

(3) Moreover, a global accurate picture of the IT2 FSs-based
fuzzy relative closeness for the three alternatives can also
be, respectively, obtained, which provides a possibility
to further analyze the properties of the results.

6 Conclusion

In this paper, we have proposed an analytical solution to
IT2 FSs-based TOPSIS model for solving the fuzzy MADM
problems. First, we have created the fractional NLP prob-
lems to find the fuzzy relative closeness. Second, based on
the principle of KM algorithm, we have transformed the frac-
tional NLP problem into identifying the switch points of «
levels. Finally, by computing the algebraic formula of object
function within « € [0, 1], we obtained the analytical solu-
tion to IT2 FSs-based TOPSIS model. Moreover, we have
also discussed some properties of the proposed method. The
main difference from Chen and Lee (2010) is that it keeps
IT2 FSs format for the evaluations and weights in the whole
computing process, and realizes the actual sense of IT2 FSs-
based TOPSIS solution. It is accurate, as the computation
is a continuous process and all the switch points are found
through solving expressions. Moreover, a global picture of
the fuzzy relative closeness can also be obtained for further
analysis.
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7 Appendix A: Proof of Theorem 1

Proof Let

1 2
p(y) = (——1) )
y

where y is a continuous variable, and y € (0, 1].
For Eq. (54), the derivative of function p(y) to y can be
written as:

p(y) 1 (1
()=

(54)

It is obvious that p(y) is an monotonically decreasing
function with respect to y.

@ Springer

Lety = liﬁvé, substitute Eq. (11) into Eq. (54), and get

i (wi()%i - 1))2

~ = 1 2 ;
ﬁ(RC)=(§—1) ==
RC

= f(®). (55)

(wlxl)z

M:

i=1

From Eq. (15), the derivative of function f ()%) with X €
(0, 1] is written as:

s 2w2Gi—1) é(wiiiﬂ _ 2w ; (wi Gy — 1))?

(E )

<0. (56)

It is concluded that f ()%) is a decreasing function with vari-
able X.

From the conclusions of Egs. (55), (56), it is deduced that
when £ lies in the left region X and reaches its minimum
(maximum) value, f L (#F) reaches its maximum (minimum)
value, and RCH (&#F) reaches its minimum (maximum) value;
when 7 lies in the right region XX and reaches its minimum
(maximum) value, f R (%R®) reaches its maximum (minimum)
value, and RCF (#R®) reaches its minimum (maximum) value.

The proof of Theorem 1 is completed. O

8 Appendix B: Proof of Theorem 2
Proof For simplification, we denote a;;(«), ¢; (a) cii(a),

cir(a), d (@), dij(@), dir(a) as aj, i, Cii, Cir, dl7 dii, diy,
respectively.

(1) Let
ST 2 n _ )
> (dita =) + X @lar—1)
(5 d~)= i=1 i=kp+1
guC, d) = T R :
Z(diaiz) + > (Gain)
i=1 i=kp1+1

(57)

where a;; is an 1ncreas1ng order, ¢; =
- Ckn ] dl - [d17 d25 . dkLl]
di € [dll» dzr]-

[Chy 41,05 Chyy42.05
¢; € [cir, cir] and

Correspondingly, Eq. (26) can be rewritten as:

fu@) =__min gy d)
Cle[cll Cir

Vd €ldir,dir]
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In Eq. (24), it is concluded that there exists gr;(c, d) =
fLi(@) satisfying

g1 < gui(C, d) < ap 411

Next, it is proved that gy (¢, ci) reaches its minimum only on
condition that Eq. (57) holds.

(a) When i < kpj and ay,; < gui(c, J). According to Eq.
(57), the derivative of function gr;(¢,d) to d; can be
expressed as:

agri(c, c?) _ 2d;y ((akil -2 - (ak,-l)szl(E, J))

ad; T hy
Z(dlrall) + Z

i=kpi+1
ai aj;—dail 2

. _ | gigii—aii
2dr | 1 (ﬂilakul—akul)

z (dlrall) + Z (Cllall)

i=kp+1

2
(cirair)

As aj; is an increasing order and i < kp, it is concluded
that a;; < ay, 1, and a;ja;1 — a; > aijag,, 1 — ak,,1, that
iS 1 — ( aijail—ail < 0.
;1 Gy p,1—0kp

Therefore, when kil~ < kyy1, the derivative of function
gu(c, ci) to d; 3gL31_L(5,d) < 0. On the other word, gy (¢, &)
decreases when d; (i < kr)) increases. Hence, the com-
putation of minimal gy;(C, d) must use the maximal
d; (i < ky)) as stated in Eq. (30).

(b) When i > ki and gr1(c, d) < Ak +1.1- According to
Eq. (57), the derivative of function gr(c, d ) to ¢; can be
denoted as:

@m&@_knWm—W—WW%Mhm

ac; T hy

Z (Ctrall) + Z

i=kp1+1
2
2¢. (1= ai1ai1 —dil
i Qi Qky 1=y .1

Z (dlrall) + Z

i=kp+1

(cirai)?

2
(citair)

As ay;, is an increasing order and k;; > ky, it is concluded
that ay, (o ;) > axy,, and aja; — ai; < ajjag,,1 — a1, that
is 1= (Gras=g) = 0

Therefore, when i > k11, the derivative of function
gu(c, c?) to d; @Lal—g’d) > 0. On the other word, gr;(c, c])
increases when d; (i < k) increases. Hence, the computa-
tion of minimal gy;(c, J) must use the minimal d; (i < k)
as stated in Eq. (30).

Hence,
kit ) " X
2 (dir(ain —1D)+ > (ci(aip — 1))
S (e, k) =min =l p i=kpi+1
L1
Z dirain)* + Z (cirain)?
i=kpi+1

This completes the proof of Theorem 2 (1).

As the proofs of Theorem 2 (2—4) are similar to that of
Theorem 2 (1), they are omitted here.

This completes the proof of Theorem 2. O

9 Appendix C: Proof of Theorem 3

Proof For simplification, we denote a;;(«), ¢; (oe) cii(a),
cir(a), dl (@), dij(@), dir () as ajj, C;, Cil, Cirs dl’ di1, dir,
respectively.

(1) The proof of Theorem 3 (1).

For Eq. (30), when k = 1,2, ...,n — 1, it is right that

kLI

Z(dlr(all - 1))2 + z (cir(ai — 1))2

i=kp+1

i (cirair)?

i=kp+1

fuk) = =
> (dirain)® +
i=1

kpi+1
Z%W—W+ZMW—W

i=1 k43
kpi+1

Z (dzratl) + Z (Czlall)

kpi+3

futk+1) =

Hence, the difference of fi1(k+ 1) — f11(k) can be obtained
as Eq. (58).

Sutk+1) — frik)

kri+1 n
= Z(dir<aiz—1))2+ > (eilain —1)*

i=kpi+2

ki)
Z(dram + Z (cirain)’

i=kp+1

ki n
—[Z(dirmu—m% > (Cil(aiz—l))2:|

i=kp1+1

kpi+1
|:Z (dlrall) + Z (cirair) :|]/

i=kp1+2

kpi+1
[|:Z (dlrall) + Z (cijaip) :|

i=kp+2
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kL1 n
2 2
< | D (dirai)* + D (cian)
i=1 i=kp1+1

2 2
- (dkL1+1,r - CkL1+l,l)
kL1

2
X [ Z(akL,+1,z —ai))Qaj 11,1ai1 — gy 41,1 — aind;,
i=1

n
2
+ Z (arpy1,0 = ain) Qagg 41,1401 = @41, — aiz)cil}/

i=kp+2

kui+1 n

Z(dirail)2+ > (cirain)*

i=1 i=kLi+2
kL1 n

<\ D irai)* + > (cyain® | |- (58)
i=1 i=kpi+1

As ¢ € [0,1], diy € [0,1] and df ,; > cf 4 the

direction of fij(k + 1) — fLi(k) is determined by the sign of

kL1
2
D (k410 — i) Qa1 1ain — a1, — aind;,

i=1
n
2
+ Z (Aryy 1,0 — @in) 2agg +1,10i1 — Qi 4+1,1 — 4if)Cjp.-
i=kp1+2

To simplify the notation in the rest of the proof, dy (k) is
defined as Eq. (59).

kL1
2
di(k) = (ay 1.1 = air) Qag 1.16i1 — @y 410 — ain)d;,
i=1
n
2
+ Z (a0 —ain) 20k, 11,1010 — Gk 41,0 — Gil)Cy-
i=kp 2
(59

Asay < ay < --- < ay,thedifference of dp (k) —dp1(k—1)
can be computed as Eq. (60).

dui(k) —dutk — 1) = (ag+1,0 — aryy0)

2 2
X (kg 41,1a1 1 — Qhgy 41,1 — akL]al)(dkLH-l,l + ckLl—H,l)
kpy—1

+ Z ((akqul,l — air)

i=1

x@mﬂ—nwm+u—mn—2ﬁyﬁ)

n
+ Z ((akLH—l,l —ai) ((2ai1 — Dk 10 —air) —2a,»2,)ci2,).

i=kp 2
(60)

For (ar,+1.1 — akpy.1) Qarg+1.10k,.0 — Qky+10 — Gkpyl)
2 2 . . . .

(dku+1,l + ckLlJrLl), aj; is an increasing order, so ak~u+1,1

—ag, > 0.And g;; € [0,1], foralli =1,2,...,n, it fol-

lows that al.zl < aj.

@ Springer

Hence, it is easy to prove that

20k 41,10k — Gk +1,1 — Gk,
2 2
< 2qjy 41,10k, — Appy4+1,0 — Gy

2
= _(akqul,[ - aku) <0.

Combined with the conclusions together, it is right that
(g1, — akyy) k41,100 — Ak +1,0 — Qi) (dlgqul,r +
2

Cp1,) = 0.

Meanwhile, it follows that

2aj; — D (ar+1,1 — air) — 2al.2[

=242 + 2aj1(ag, 111 + air) — (arg 1.0 + air)

= —2[aj; — (@410 + aiai + M

@yt +ai)®
2

_ W)Z _ (1

+ - (akLH-l,I + ail)]

G+t ail)

= —2((1,’1 )

(Akpy+1,0 + aip).

Note that 0 < ay;, < ax,+1, < 1, it is obvious to get that
0< akL1+12,1+ail <landl— ukL1+12.1+ai1 > 0.

Hence, (2a;; — 1)(aku+1,l —ajr) _zaizl < 0, thatis ((2aj; —
D(ar+11 — air) = 2aj)eg; < 0.

Correspondingly, it can easily be seen that

kpi—1
2) 2
z (aku+1,1—au)((ZGiz—1)(aku+1,1—aiz)—2a,»1)cil =0,

i=1
and

n

2) 2
Z (aku+1,1—aiz)((2aiz—1)(akL1+1,z—aiz)—2ail)ci, =0.
i=kp 142

Coupled with the conclusions proved above, it can easily be
shown that

du(k) —duk —1) <0,

That is dy (k) is a decreasing function with respect to k.
Combined with Eq. (60), Eq. (58) can also be rewritten

as:
futk + 1) — fritk) = cik)dri(k), (61)
where
k+1 n
m@z%—@/ > (dira)* + D (caain)®
i=1 i=kp 142
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k n
X Z(dirai1)2+ Z (ciai)?

i=l1 i=kp+1
> 0.

Since

n
du(0) = Z(all — ai)Qayai — ay — ai)cly > 0,
i=2
n—1
dui(n —1) = (aw — ai) anair — an — ain)d;, < 0.

i=1

With the decreasing property of dpj(k) for k, there must
exist k = kpj(kpy = 1,2,...,n — 1), such that for any
k=0,1,..., k., duLi(k) > 0, and for any k = k1, k11 +
1,....,n—1,dyky) <O.

In Eq. (61), it follows that for any k = 0,1, ..., k1,
le(k+1)—fL1(k) > 0, andforanyk = kLl, kL1+1, oo, n—
1, futk+ 1) — fri(k) < 0. So, fri(kry) is the global maxi-
mum point with kpj = k*.

This completes the proof of Theorem 3 (1).

As the proofs of Theorem 3 (2—4) are similar to that of
Theorem 3 (1), they are omitted here.

This completes the proof of Theorem 3. O
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